Electron parallel closures for heat flow, viscosity, and friction force are expressed as kernel-weighted integrals of thermodynamic drives, the temperature gradient, relative electron-ion flow velocity, and flowvelocity gradient. Simple, fitted kernel functions are obtained for arbitrary collisionality from the 6400 moment solution and the asymptotic behavior in the collisionless limit. The fitted kernels circumvent having to solve higher order moment equations in order to close the electron fluid equations. For this reason, the electron parallel closures provide a useful and general tool for theoretical and computational models of astrophysical and laboratory plasmas.
I. INTRODUCTION
Plasma fluid closures are essential to developing sets of fluid equations that capture kinetic effects in astrophysical and laboratory plasmas. A complete set of closures for the Maxwellian moment equations (for density n, temperature T , and flow velocity V) exists only for high collisionality [1] . At low collisionality, particle free streaming parallel to the magnetic field becomes significant and closures are affected by thermodynamic drives along the field line. Consequently, the closures take on an integral form, as they do in the collisionless limit [2, 3] .
Obtaining quantitative parallel closures for arbitrary collisionality requires accurate collision operators. As a crude approximation, a Krook type operator was adopted in the 3+1 closure model of Ref. [4] . As better approximations, Lorentz type operators were used to obtain closures in wave number space [5] and approximate integral closures for the heat flow due to a temperature gradient [6] and viscosity due to a flow velocity gradient [7] .
Recently, the exact linearized Coulomb collision operators were analytically calculated for an infinite hierarchy of moment equations [8, 9] . These moment equations were truncated, linearized, and solved to produce integral parallel closures for arbitrary collisionality [10, 11] . The resultant integral heat flow closure was tested in numerical calculations of energy confinement in the Sustained Spheromak Physics Experiment and yielded modestly better agreement with experimental measurements than Braginskii's diffusive heat flow [10] . This integral heat flow was also used to capture kinetic effects in the JET scrape-off layer [12] .
Practical use of the integral closures is complicated by the need to express the kernel functions for arbitrary collisionality. Kernels obtained from N-moment equations are sums of N/2 exponential functions. At low collisionality, large N is needed for convergent results. In the collisionless limit, however, simple analytical expressions for the kernels exist [2, 3, 5, 13] . In this paper, we provide simple kernel functions that map onto the N = 6400 kernels in the convergent regime and the collisionless kernels in the nonconvergent regime.
II. PARALLEL MOMENT EQUATIONS AND CLOSURES
For a strong magnetic field, parallel moment equations can be obtained by taking moments of the drift kinetic equation [14] or, equivalently, by taking the parallel component of general moment equations [15] . For no magnetic field, an inhomogeneous system along one direction produces similar moment equations. The linearized parallel moment equations are [10, 11] 
where the moment index A = 1, 2, · · · , N enumerates (l, k) = (0, 2), · · · , (0, K + 1), (1, 1), · · · , (1, K), (2, 0), · · · , (L − 1, K − 1). The indices l and k denote the Legendre polynomial and Laguerre-Sonine polynomial orders with N = LK. The arclength ℓ along a magnetic field line is normalized by the mean free path, dη = dℓ/λ mfp or η(ℓ) 
The non-Maxwellian moments n A include the parallel heat flux density h , parallel viscosity π , and parallel friction force density R .
The linear system (1) with constant matrices Ψ and C is solved by computing the eigensystem of Ψ −1 C [10, 11] . The desired particular solution is
where
The N-moment kernels are given by
where eigenvalues k B of Ψ −1 C appear in positive and negative pairs. The coefficients γ B AD are determined by the eigenvector components and satisfy γ B AD = γ B DA and
where −B denotes the moment index corresponding to −k B . Therefore K AD = K DA and the kernels are even or odd functions of η.
Since the kernels are computed from a truncated system of N moment equations, convergence should be checked as N increases. We start with N = 100 (L = 10 and K = 10) and go to N = 6400 (L = 80 and K = 80) by quadrupling N (doubling both L and K). The convergence of the kernel functions is shown in Fig. 1 . In the collisional limit, the drives are effectively constant and the areas K AB (η)dη become the classical closure coefficients. The areas change little with increasing N, indicating that the N = 100 (K = 10) moment calculation accurately yields the classical coefficients. In general, the kernels converge for η η c , where η c decreases with increasing N.
To study the convergence of closures as collisionality varies, we consider sinusoidal drives, T =
number normalized by the mean free path, k = 2πλ mfp /λ, measures the inverse collisionality.
Note that although λ and ϕ 0 (and hence ϕ) may be different for each drive, we have used the same symbols for convenience. Assuming that n and v T ≈ 2T 0 /m are constant and that V ⊥ = 0, for simplicity, the closures can be obtained by evaluating the integrals,
AD cos ϕ, AD = even,
Upon linearization the closures become
with the dimensionless closures defined byĥ h = kK hh ,ĥ R = ZK hR =R h ,ĥ π = kK hπ =π h , Figure 2 shows the dimensionless closures as functions of k. For a given gradient scale length λ, as λ mfp increases (collisionality decreases), k increases. For small k (high collisionality), the closures are convergent with a small number of moments (see Fig. 2 ). Errors in Braginskii's closures are largest for h h , the heat flow due to the temperature gradient. This error is 16% for k ∼ 0.1 (ǫ ≡ λ mfp /λ ∼ 0.02) and 100% for k ∼ 0.4 (ǫ ∼ 0.06). These results agree well with the prediction of the higher-order Chapman-Enskog theory in Ref. [8] . In Figs. 1 and 2 , the convergence of closures is attributed to the convergence of the kernels for η η c . Note that η c decreases as N increases. As k increases, convergent closures are obtained by using more moments.
Although, for a given k, there exists N that yields convergent results, it is more profitable to invoke the collisionless theory. Instead of increasing N (decreasing η c ) to obtain accurate kernels for smaller η, we consider mapping onto the collisionless kernels for η ≪ 1 in order to determine fitted kernels that are approximately valid for arbitrary collisionality.
III. SIMPLE FITTED KERNEL FUNCTIONS
The kernel functions obtained from 6400 moment equations include 3200 terms [see Eq. (5)].
Incorporating those eigenvalues and the corresponding coefficients in simulations is impractical.
Furthermore, the kernels are still inaccurate for k 80 near the collisionless limit. Therefore, it is convenient to find simple fitted functions that (i) accurately represent the moment solutions in the convergent regime (k 80), and (ii) have the correct asymptotic behavior in the collisionless limit. This approach yields kernels that are nearly exact for arbitrary collisionality.
In the collisional limit (λ mfp → 0), the parallel closures are described by Braginskii's theory
, here convergent values [16] are shown) with ion charge Z = 1,
Noting that dη ′ K AD (η − η ′ )g D (ℓ ′ )→κ AD g D (ℓ) in the collisional limit, the fitted kernels should 
The coefficients connecting h (π ) to W (∂ T ) and R (π ) to W (V ei ) in Eqs. (12)-(14) vanish because the corresponding kernels are odd functions. However, we evaluate the integrals over [0, ∞) to make the fitted kernels satisfy
Finally, the asymptotic behavior of the kernels for small η can be obtained from closures in the collisionless limit [13] . For η ≪ 1, we have
where γ h and γ p are constants. For K hR , K RR , and K Rπ (friction related kernels), the asymptotic forms do not exist. However, the corresponding closures vanish in the collisionless limit and extrapolations of the 6400-moment kernels are accurate enough.
Putting all of this together, the kernel functions can be fitted to a single function
with parameters a, b, c, d, α, β, and γ listed in Table I . The fitted kernels are plotted in Fig. 1 and the corresponding closure moments due to sinusoidal drives in Fig. 2 . Note that the fitted kernels reproduce closure values in the collisional (k → 0) and collisionless (k → ∞) limits.
IV. DISCUSSION
We have presented a complete set of electron parallel closures with ion charge Z = 1 for arbitrary collisionality, Eqs. (2)-(4) and Table I . Generalization to arbitrary Z is straightforward.
Ion parallel closures can also be obtained similarly for varying electron-ion temperature ratios. Efforts to obtain analytic expressions for these cases are ongoing and will be presented in the near future.
Closing fluid equations using the integral closures presented here is computationally feasible in simulations of astrophysical and laboratory plasmas. Although the implementation of such closures benefits from field-line aligned coordinates (BOUT++ [17] ), plasma fluid codes that do not have field-line aligned grids (e.g., NIMROD [18] ) may still benefit from the added efficiency of evaluating simple fitted kernels. The practicability of three dimensional fluid simulations with integral closures is shown in Ref. [10] and discussed in Ref. [12] .
